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A well-known property of quantum nonlocality is monogamy. However, recent research by Silva et
al. shows that multiple observers can share the nonlocality by using weak measurements [Phys. Rev.
Lett. 114, 250401 (2015)]. There is an open question left in their result: whether the nonlocality
of a single particle from an entangled pair can be shared among more than two observers that act
sequentially and independently of each other? In this work, we analytical and numerical shows that
it is possible to observe a triple violation of CHSH inequality between Alice and three Bobs when the
measurements of each of the several observers at one side are unbiased with respect to the previous
observers. This result overturns the conclusions and proofs of previous related work on this issue
which has been widely shared in the scientific community before.
PACS numbers:
I. INTRODUCTION
Local realism indicates the nature of the world that
the measurement outcomes are pre-deterministic, and the
measurement on one party of a multipartite system does
not affect the other parties. However, quantum mechan-
ics predicts that there are stronger correlations than the
correlations of local hidden variables because of inherent
non-locality of quantum theory [1]. The so-called Bell
inequality is exploited to distinguish the differences be-
tween classical correlation and quantum correlation [3].
Subsequently, Bell-type inequalities have been studied
extensively from various perspectives [4–11] and experi-
mentally verified in many different quantum systems[12–
20]. These kind of research, is not only important to
deeply understand quantum theory, but also plays an cru-
cial role in quantum information protocols, such as quan-
tum key distribution [21], randomness generation[22–24],
and entanglement certification[25]. For a background on
Bell inequalities readers are referred to [2], and references
therein.
Inspired by Bell’s work, Clauser, Horne, Shimony,
and Holt (CHSH) derived a modified inequality [4],
which provides a faithful way for experimentally test-
ing the non-locality property in 2-qubit composite sys-
tems. However, most discussions of non-locality based on
CHSH inequality focus on one pair of entangled qubits
distributed to only two separated observers. Recently, a
surprising result that non-locality can actually be shared
among more than two observers using weak measure-
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ments, has been reported by Silva et al. [26]. In Silva’s
scenario, a pair of maximally-entangled qubits are dis-
tributed to three observers Alice, Bob1 and Bob2, in
which Alice accesses one qubit and the two Bobs ac-
cess the other qubit. While Bob1 performs a weak mea-
surement on his qubit and then passes it to Bob2, Alice
and Bob2 perform projective measurements on their own
qubits respectively. The results show that it is possible to
have two Bobs simultaneously violate CHSH with Alice.
To date, a series of fruitful related theoretical researches
[27–39] have been proposed by tracking this path and
three experimental demonstrations have also been per-
formed [40–42]. Especially, in Ref.[42], it shows a obser-
vation of non-locality sharing in a wide area even if Bob1s
measurement is close to a strong measurement, which is
impossible in the original protocol [26].
However, there is an open question remained: whether
the non-locality of a single particle from an entangled
pair can be shared among more than two observers that
act sequentially and independently of each other? In the
original seed work [26], Silva et al. conjectured that, in
the case of multiple observers, if the inputs to the various
Bobs are unbiased, it is impossible to have more than a
double violation of CHSH with Alice according to their
numerical calculation [26]. Later, Mal et.al claimed that
it has been proved analytically [28]. So far, this conclu-
sion has been widely introduced [27–33, 35–41], and some
of which even were concluded based on this conclusion.
Unfortunately, we have to point out that the previous
conclusion is incorrect. In this work, we analytical and
numerical shows that it is possible to observe a triple vio-
lation of CHSH inequality between Alice and three Bobs
when the measurements of each of the several observers
at one side are unbiased with respect to the previous ob-
servers. This result overturns the conclusions and proofs
of previous related work on this issue.
2II. THEORETICAL FRAMEWORK
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FIG. 1: Scenario of non-locality sharing of Bell state. Bell
states are distributed to four observers, Alice, Bob1, Bob2,
and Bob3, where three Bobs have access to the same qubit.
Alice and Bob3 implement projective measurements on their
qubits, whereas Bob1 and Bob2 implement weak measure-
ments on their qubit. All these observers measured indepen-
dently.
Firstly, we should briefly review the scheme allowing
nonlocal sharing as illustrated in [26]. In contrast to a
typical Bell test scenario for CHSH inequalities, there are
four observers, Alice, Bob1, Bob2, and Bob3, performing
some measurements on a 2-qubit entangled state respec-
tively, in which three Bobs access to the same one-half
of the entangled state of spin-1/2 particles. In particu-
lar, each of the observers chooses independently between
two different dichotomic observables, denoted by ωˆx for
Alice, µˆy1 , νˆy2 , and υˆy3 for Bob1,Bob2, and Bob3 respec-
tively, where x, y1, y2, y3 ∈ {0, 1}. The binary outcomes
of the dichotomic measurements are given by a, b1, b2,
and b3, with a, b1, b2, b3 ∈ {−1, 1}. Hence, three CHSH
parameters ICHSH depending on Alice-Bob1, Alice-Bob2
and Alice-Bob3 can be described as
I
(1)
CHSH = 〈ωˆ0 ⊗ µˆ0〉+ 〈ωˆ1 ⊗ µˆ0〉+ 〈ωˆ0 ⊗ µˆ1〉 − 〈ωˆ1 ⊗ µˆ1〉
I
(2)
CHSH = 〈ωˆ0 ⊗ νˆ0〉+ 〈ωˆ1 ⊗ νˆ0〉+ 〈ωˆ0 ⊗ νˆ1〉 − 〈ωˆ1 ⊗ νˆ1〉(1)
I
(3)
CHSH = 〈ωˆ0 ⊗ υˆ0〉+ 〈ωˆ1 ⊗ υˆ0〉+ 〈ωˆ0 ⊗ υˆ1〉 − 〈ωˆ1 ⊗ υˆ1〉
Actually, if Alice and three Bobs perform strong measure-
ments, according to monogamy property of non-locality,
it is impossible to have a simultaneous CHSH violation.
In this scenario, Alice performs strong measurements on
one side, three Bobs perform unsharp measurements on
the other side subsystem and Bob3 perform strong mea-
surements which depend on the precision factor G and
the quality factor F as introduced in [26]. Obviously, the
crucial ingredient to achieve nonlocal sharing depends on
the optimal trade-off between the information gain and
disturbance.
Without loss of generality, supposed that Alice and
Bob each possess one half of a singlet state of spin-1/2
particles,
| ψ〉 = 1√
2
(| 00〉+ | 11〉) (2)
and ρ =| ψ〉〈ψ |. Alice performs a strong measurement
on her system along the corresponding operators ωˆx with
the outcome a. After Alice’s measurement, the state in
Bob’s side will be the projector in a direction opposite
to Alice’s post-measurement state, here defined as ρa|ωˆx ,
which is not normalized. Subsequently, Bob1 performs a
weak measurement on his subsystem by the correspond-
ing operators µˆy1 with the quality factor F1 and precision
factor G1 of the measurement. The reduced density ma-
trix becomes,
ρa,b1|ωˆx,µˆy1 =
F1
2
ρa|ωˆx + (
1 + b1G1
2
)π+µˆy1
ρa|ωˆxπ
+
µˆy1
+(
1− b1G1
2
)π−µˆy1
ρa|ωˆxπ
−
µˆy1
. (3)
This state is still not normalized, and π±µˆy1
=
I±µˆy1
2 . Sim-
ilarly, we can get a non-normalized state ρa,b1,b2|ωˆx,µˆy1 ,νˆy2
after Bob2 performs a weak measurement on his subsys-
tem by the corresponding operators νˆy2 with the outcome
b2. Finally, Bob3 performs a strong measurement by the
corresponding operators υˆy3 . The conditional probability
can be given by,
p(a, b1, b2, b3 | ωˆx, µˆy1 , νˆy2 , υˆy3) = Tr[πb3µˆy1ρa,b1,b2|ωˆx,µˆy1 ,νˆy2 ].(4)
Certainly, every average value defined in Eq.(1), such as
〈ωˆ0 ⊗ µˆ0〉, can be determined by,
〈ωˆ0 ⊗ µˆ0〉 =
∑
a,b1,b2,b3
(−1)−ab1p(a, b1, b2, b3 | ωˆ0, µˆ0, νˆy2 , υˆy3)(5)
Hence, three CHSH parameters ICHSH in Eq.(1) can be
described by a linear combination of conditional proba-
bilities respectively. Interestingly, it is easy to find that
I
(1)
CHSH only depends on the measurement settings of Alice
and Bob1. However, in addition to relying on the mea-
surement of Alice and Bob2, I
(2)
CHSH also depends on the
frequency with which Bob1 chose µˆ0 versus µˆ1. The rea-
son is, even though the CHSH expression contains only
conditional probabilities, the received states of Bob2 are
different for different measurements of Bob1. Similarly,
I
(3)
CHSH depends on the frequency with which the measure-
ment settings chose by both Bob1 and Bob2.
It is obvious that the former Bobs has the ability to
control the mixed state that received by the later Bob in
the way of performing two possible measurements with
a certain proportion. Hence, there are two cases in this
scenario, biased and unbiased. The biased case means the
frequency with which the measurement settings chose by
each bob is not the same, and the unbiased case means
the frequency with which the measurement settings chose
by each bob is equal. As is shown in [26], it is possible
for more than two Bobs to violate CHSH with Alice in
biased case. But for the unbiased case, this is still an open
question. Previous work has tried to answer this question
[26, 28]. However, we will show the opposite conclusion
of the previous research on this problem below.
3III. TRIPLE VIOLATION OF CHSH
INEQUALITY BETWEEN ALICE AND THREE
BOBS
2G
1G
FIG. 2: The upward view of the graphic model of
{I(1)(Orange), I(2)(Blue), I(3)(Green), 2(Red)}. In Red re-
gion, the three CHSH parameters (6) exceed 2 simultaneously.
In the unbiased case, three CHSH parameters ICHSH
depending on Alice-Bob1, Alice-Bob2 and Alice-Bob3
can be claculated as
I(1) = I
(1)
CHSH (6)
I(2) =
∑
y1
I
(2)
CHSH(µˆy1)
2
I(3) =
∑
y1,y2
I
(3)
CHSH(µˆy1 , νˆy2)
4
where I
(2)
CHSH(µˆy1) and I
(3)
CHSH(µˆy1, νˆy2) are recon-
structed by the conditional probability p(a, b1, b2, b3 |
ωˆx, µˆy1 , νˆy2 , υˆy3).
In order to verify the existence of triple violations,
it is obvious that we should find a method to deter-
mine the optimal measurements that can achieve the
maximal value of every CHSH parameter (6). Once
max[min(I(1), I(2), I(3))] > 2, triple non-locality sharing
will observed. Theoretically, the method of Lagrange
multipliers [34] can be used to handle this problem. Un-
fortunately, it is too complex to obtain a simple and dis-
tinct analytical result. But we still can give a sub-optimal
analytical result with special settings and the optimal re-
sult numerically.
The measurements of Alice, three Bobs, are totally in-
dependent in the entire process. So the arbitrary op-
erator can be defined as Oˆ = ~O · ~σ with ~O(θ, ψ) =
(O1, O2, O3) = (sin θ cosψ, sin θ sinψ, cos θ). without
loss of generality, the direction of the dichotomic mea-
surements can be denoted as, {(θ11, ψ11), (θ12, ψ12)} for
ωˆx, {(θ21, ψ21), (θ22, ψ22)} for µˆy1 , {(θ31, ψ31), (θ32, ψ32)}
for νˆy2 , and {(θ41, ψ41), (θ42, ψ42)} for υˆy3 . Supposed that
the optimal information-disturbance trade-off condition
satisfies F 2 +G2 = 1 for the weak measurements of the
first two Bobs. Here we can show that, even if we choose
the measurement settings consistent with the previous re-
search [28], triple violation still exists. Alice measures in
the Xˆ or Zˆ direction, and the measurements performed
by these Bobs is in the X − Z plane, where ψij = 0 for
all measurement settings. When we choose such mea-
surement settings, θ21 =
16
17π, θ22 =
1
5π, θ31 =
17
18π,
θ32 =
1
5π, θ41 =
9
10π, θ42 =
1
22π, analytical forms of
Eq.(6) can be obtained. In the proper range of G1 and
G2, the three CHSH parameters (6) exceed 2 simultane-
ously, as illustrated in Fig.2. We plot a graphic model
of {I(1)(Orange), I(2)(Blue), I(3)(Green), 2(Red)} which
depends on G1 and G2. The Fig.2 is the upward
view of the graphic model. So Fig.2 shows the mini-
mum value of four functions for different G1 and G2,
min[I(1), I(2), I(3), 2]. It is clearly show that triple viola-
tion exists in an triangle range (Red). Such region is a a
kernel that exists in the graphic model, which is not easy
to find. For example, when G1 = 0.8 and G2 = 0.93,
I(1) = 2.05, I(2) = 2.03, and I(3) = 2.02. Although the
violation is very small. But it is a tight evidence that, it
is possible to observe a triple violation of CHSH inequal-
ity between Alice and three Bobs when the measurements
of each of the several observers at one side are unbiased
with respect to the previous observers. We have to point
out that the numerical example showed in [28] is correct,
but it is useless to answer the above question.
2G
I
FIG. 3: The optimal value of max[min(I(1), I(2), I(3))], when
G1 = 0.8. The maximal triple violation exists when G2 =
0.93, where I = 2.03.
Even it is difficult to obtain the optimal analytical re-
sult, but we can calculate the optimal result numerically.
With the limits of the measurement settings mentioned
above, the optimal value of max[min(I(1), I(2), I(3))]
reaches when I(1) = I(2) = I(3) = I. Triple violation
exists in a lager range of proper G1 and G2. The maxi-
mal triple violation exists when G1 = 0.8 and G2 = 0.93,
where I = 2.03. It is shown that the optimal numerical
result is not much better than the sub-optimal analytical
result.
IV. THE ANALYSIS OF OPTIMAL TRIPLE
VIOLATION OF CHSH INEQUALITY
In fact, to answer this open question, it is no rea-
son to limit Alice’s measurements in the Xˆ or Zˆ di-
4rection. Let us now consider the scenario when this
limit is relaxed. We supposed that all measurement
settings performed by Alice and three Bobs are in the
X − Z plane, where ψij = 0 for all measurement set-
tings. When we choose such measurement settings,
θ11 =
1
4π, θ12 = − 17π, θ21 = 16π, θ22 = 12π, θ31 = 16π,
θ32 =
1
2π, θ41 =
1
7π, θ42 =
1
3π, analytical forms of
Eq.(6) can be obtained. In the proper range of G1 and
G2, the three CHSH parameters (6) exceed 2 simultane-
ously, as illustrated in Fig.4. We plot a graphic model
of {I(1)(Orange), I(2)(Blue), I(3)(Green), 2(Red)} which
depends on G1 and G2. The Fig.4 is the upward
view of the graphic model. So Fig.4 shows the mini-
mum value of four functions for different G1 and G2,
min[I(1), I(2), I(3), 2]. It is clearly show that triple viola-
tion exists in an triangle range (Red). Such region is a a
kernel that exists in the graphic model, which is not easy
to find. For example, when G1 = 0.78 and G2 = 0.92,
I(1) = 2.08, I(2) = 2.06, and I(3) = 2.02. Although the
violation increases not too much, but it is shown that
Alice chose to measure in X or Z direction, which is not
the optimal choice.
1G
2G
FIG. 4: The upward view of the graphic model of
{I(1)(Orange), I(2)(Blue), I(3)(Green), 2(Red)}. In Red re-
gion, the three CHSH parameters (6) exceed 2 simultaneously.
Similarly, we can calculate the optimal result numer-
ically in this case. Actually, we have numerical evi-
dence that the condition of ψij = 0 for all measure-
ment settings will not affect the optimal value. The
optimal value of max[min(I(1), I(2), I(3))] reaches when
I(1) = I(2) = I(3) = I. Triple violation exists in a
lager range of proper G1 and G2. The maximal triple
violation exists when G1 = 0.78 and G2 = 0.92, where
I = 2.04. It is shown that the optimal numerical result is
not much better than the sub-optimal analytical result.
The value of the CHSH violation in the sequence falls
off superexponentially[26], the maximum violation that
can be achieved by Bob3 with Alice, I(3), is only a little
bigger than 2. Nevertheless, this result still enough to
overturns the conclusions and proofs of previous related
work on this issue which has been widely shared in the
scientific community before.
I
2G
FIG. 5: The optimal value of max[min(I(1), I(2), I(3))], when
G1 = 0.78. The maximal triple violation exists when G2 =
0.92, where I = 2.03.
V. CONCLUSION
We have answered an open question left in [Phys. Rev.
Lett. 114, 250401 (2015)]: whether the nonlocality of
a single particle from an entangled pair can be shared
among more than two observers that act sequentially and
independently of each other? It is clearly shown that, it is
possible to observe a triple violation of CHSH inequality
between Alice and three Bobs when the measurements of
each of the several observers at one side are unbiased with
respect to the previous observers. This result overturns
the conclusions and proofs of previous related work on
this issue which has been widely shared in the scientific
community before.
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